We investigate the differential geometry of spacelike submanifolds of (»di-mension at least two in de Sitter space as an application of the theory of Legendrian singularities. We also discuss related geometric property of spacelike hypersurfaces in de Sitter space.
Introduction
It is known that de Sitter space is a Lorentzian space form with a positive curvature. Recently, Izumiya, Pei and Sano [3] investigated the extrinsic differential geometry of hypersurfaces in the hyperbolic space by applying the theory of Legendrian singularities. The main tool is a lightcone Gauss indicatrix, which is defined by a lightlike normal of hypersurface, and their singularity sets correspond to lightcone parabolic sets of hypersurfaces. For higher codimension case, the normal vector is not uniquely determined, however it is possible to construct hypersurfaces from normal unit vector fields of the subspace. Izumiya, Pei, Romero Fuster and Takahashi [6] introduced the notion of canal hypersurfaces and horospherical hypersurfaces from the normal frames of submanifolds in the hyperbolic space, and investigated submanifolds of higher codimension in the hyperbolic space from the viewpoint of singularity theory. On the other hand, the differential geometry of de Sitter space is also studied. In [7] we introduced the notion of lightcone Gauss image which is an analogous tool introduced in [3] , and investigate the case of spacelike hypersurface in de Sitter space. For codimension two case, Fusho and Izumiya [2] firstly introduced the notion of lightlike surface of a spacelike curve in the de Sitter three-space. In [8] we investigated singularities of lightlike hypersurface of spacelike submanifold of codimension 402 M. Kasedou two in de Sitter n-space for n > 3 by using the lightlike normal direction, which is an analogous study in the Minkowski space [4, 5] .
In this paper, we argue an analogous study of the submanifolds of higher codimension in hyperbolic space [6] and introduce the notions of horospherical hypersurfaces and spacelike canal hypersurfaces by using timelike unit normal vector fields. The singular point of horospherical surface corresponds to the parabolic point of spacelike canal hypersurface, which we call a horospherical point, and the spacelike submanifold is tangent to a de Sitter hyperhorosphere at the horospherical point. If we assume a hypothesis of Theorem 6.5, then a contact type of a de Sitter hyperhorosphere and a spacelike submanifold corresponds to a singular type of horospherical hypersurface, and also corresponds to a singular type of lightcone Gauss image of spacelike canal surface. In this paper we consider timelike normal direction of spacelike submanifolds, so that this study is not a generalization of [8, 9] . In §2 we review briefly the basic notions of differential geometry of spacelike hypersurfaces [7] . In §3, 4 we define a timelike normal vector field of spacelike submanifolds in de Sitter space and introduce a notion of horospherical height function and horospherical hypersurface. We also define a spacelike canal hypersurface, whose lightcone Gauss image is diffeomorphic to a horospherical hypersurface. In §5 we naturally interpret a horospherical hypersurfaces of a spacelike submanifold as a wave front set of horospherical height functions in the theory of Legendrian singularities. In §6 we use the theory of contacts between the submanifolds due to Montaldi [10] , and we discuss geometric properties of singularities of horospherical hypersurfaces. We also consider generic properties of spacelike submanifolds.
Spacelike hypersurfaces in de Sitter space
In this section we review the extrinsic differential geometry of spacelike hypersurfaces in de Sitter space [7] , which is an analogous study of [3] . Let
+1 , the pseudo scalar product of x and y is defined by (x, y) = -XQI/Q + x iDiWe call (M n+1 ,(,)) a Minkowski (n + I)-space and write M" +1 instead of (R n+1 , (,) ).
We say that a vector x € \ {0} is spacelike, lightlike or timelike if (x, x) > 0, (x, x) = 0 or (x, x) < 0 respectively. The norm of the vector x e M" +1 is defined by ||x|| = >/K x > x )lFor a vector v G M i +1 \ W and a real number c, we define a hyperplane with pseudo normal v in the Minkowski space by HP(v, c) = {x e | (x,v) = c}. We say that a hyperplane HP(x,c) is spacelike, timelike or lightlike if the vector v is timelike, spacelike or lightlike.
We now respectively define hyperbolic n-space and de Sitter n-space by Hl{-1) = {x£ R™ +1 | <x,x) = -1, sgn(xo) = ±1}, 5T = {XGR? +1 |(X,X) = 1}, and we write H n (-1) = H^(-1) U fP(-l). For any xi,x2,... ,x" e M" +1 , we can define a vector xi Ax2 A... Ax" with the property (x,xi A... Axn) = det(x, xi,..., xn), so that xi A ... A xn is pseudo-orthogonal to any Xj for i = 1,..., n. We also define future (resp. past) lightcone at the origin by
and we write LC* = LC*+ fl LC*_. Let X : U -> 5™ be an embedding, where U C R n_1 is an open subset. We say X is a spacelike hypersurface in if every non zero vector generated by (X^u)}^1 is always spacelike, where u = (ui,..., un_i) is an element of U and XUi is a partial derivative of X with respect to ut. We denote M = X(f7) and identify M with U through the embedding X. Since (X, X) = 1, we have (XUj,X) = 0 for i = 1,... ,n -1. It follows that a hyperplane spanned by {X, XUl,... ,XUn_j} is spacelike. We define a vector e(u) = X(u) A XU1 (u) A ... A X^ (u)/||X(u) A XU1 (u) A ... A Xu"_1 (u)||. Then e is pseudo orthogonal to X and XUi for i -1,..., n -1. We define a map L± : U LC± by
which is called a positive (resp. negative) lightcone Gauss image of X. We now consider a hypersurface defined by HP(\, c) fl S". We say that HP(v, c) fl is an elliptic hyperquadric or a hyperbolic hyperquadric if HP(v,c) is spacelike or timelike respectively. We say that HP(v,c) fl5" is a de Sitter hyperhorosphere if c ^ 0 and HP(v, c) is lightlike. We have the following proposition analogous to ([3] , Proposition 2.2). We now define the lightcone Gauss-Kronecker curvature and the lightcone mean curvature of the spacelike hypersurface M = X(t/). For any p E M and v € TpM, we can show Dve and Z)VL ± e TpM, where Dv is the covariant derivative with respect to the tangent vector v. Under the identification of U and M, ¿L ± (u) is a linear transformation on TPM. We call S^ = -cflL ± (u) a lightcone shape operator of M = X(£7) of at p = X(u).
The lightcone Gauss-Kronecker curvature Kf of M -X(C7) at p -X(u) is defined to be the determinant of the lightcone shape operator.
Since X Ui (for i = 1,... ,n-1) are spacelike vectors, we have the Riemannian metric (first fundamental form) ds 2 = gijdu t duj on M = X([7), where gij(u) = (XUi(u), X Uj (u)) for any u G U. We define a lightcone second fundamental invariants by hf^u) = (-(u), XUj(u)) for any u G U. In [7] we obtained explicit expression for the lightcone Gauss-Kronecker curvature:
We define a family of functions H : U x LC* ->• R by
which we call a lightcone height function of M. We have the following proposition analogous to ([3] , Proposition 3.1).
.. ,n -1 if and only ifv = L^u).
We also naturally interpreted the lightcone Gauss image of a spacelike hypersurface as a wave front set in the frame work of contact geometry in [7] . This is the analogous way to the differential geometry of hypersurfaces in hyperbolic space [3] . Let 7r ± : PT*(LC±) -> LC± be the projective cotangent bundles with canonical contact structures. Consider the tangent bundle r ± : TPT*(LC*±) PT*(LC* ± ) and the differential map (¿TT ± : TPT*(LC* ± ) T{LC* ± ) of^. For any X G TPT*(LC±), there exists an element a € T*{LC£) such that r ± (X) = [a] . For v <E LC*± and V G T V (LC$.) , the property a(V) = 0 does not depend on the choice of representative of the class [a] . Thus, we can define the canonical contact structure on PT*(LC±) by
On the other hand, we consider a point v = (vo, vi,..., v n 
is non singular. In this case, we have a smooth (k -l)-dimensional smooth submanifold,
is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnol'd and Zakalyukin [1, 12] . We call F a generating family of £F(£*(F)). Therefore the wave front is
We call it the discriminant set of F. In [9] we showed that the lightcone height function H is a Morse family of hypersurface and its discriminant set is the image of lightcone Gauss images L ± (C/). Therefore we have a immersion germ £± : {^f(H), (u0, v±)) PT*(LC*±) defined by where v^ = L^ (u) and (H) is a singular set of H.
Spacelike submanifolds in de Sitter space
In this section, we consider the differential geometry of spacelike submanifolds in de Sitter space, which is analogous to [6] .
Let r > 2 be an integer and X : U -> 5" be an embedding from an open set U C We say that X is spacelike in S™ if every non zero vector generated by {X Ui (u)}£T 1 r is spacelike, where u G U and X Ui = dX./dui. We identify M = X({7) with U through the embedding X and call M a spacelike submanifold of codimension r in de Sitter space. Since (X, X) s 1, so that (X Ui , X) = 0 for i = 1,..., n -r. The tangent space of M at p = X(u) is spanned by the vectors X u . (u) for i = 1,..., n -r.
Let N P M be the normal space of M at p in M" +1 and we define N*(M) = NpM n TpSLet n : U ->• N*{M) be a timelike unit normal vector field on M. Since (n, n) = -1 and (X, n) = 0, n Ui is pseudo orthogonal to both of X and n for i = 1,..., n -r. Therefore we have n Ui (u)
Consider two pseudo orthonormal projections
Let ci u n be the derivative of n at u, under the identification of M and U through X, we have the linear transformations on
We respectively call the linear transformation
T ) an n-shape operator and a horospherical n-shape operator of M at p = X(u). We also call the linear map d u n N a normal connection with respect to the timelike normal n of M.
We denote eigenvalues of A p {n) and S p (n) by K p (n) and K p (n), which we respectively call an n-principal curvature and a horospherical n-principal curvature. The horospherical Gauss-Kronecker curvature with respect to n at p = X(u) is defined to be
We say that a point po = X(uo) is an n-umbilic point if S Po (n) = R po (n)idT P0 m • Since the eigenvectors of S Po (n) and A po (n) are the same, the above condition is equivalent to A po (n) = K Po (n)\dT PO M• We say that the spacelike submanifold M is totally n-umbilic if every point on M is n-umbilic. We also say that the timelike unit normal vector field n is parallel at po if d Po n N = 0t pq mThe timelike unit normal field n is parallel if n is parallel at any points on M. Then we have the following result which is analogous to ([6] , Proposition 3.1).
PROPOSITION 3.1. Let X : U -> 5" be a spacelike submanifold of codimension r > 2. Suppose that M = X(C7) is totally n-umbilic, where n is a timelike unit normal parallel vector field. Then /%,(n) and K p (n) are constant
n(n) and R(n), and there exists a vector v G and real number c such that M is a part of a hyperquadric HP(v, c) D 5" in de Sitter space. Under this condition we have following cases:
(1) If 1 < |/i(n) + 1| = |re(n)| then M is a part of a hyperbolic hyperquadric HP(v, +1) . (2) If 0 < |/c(n) + l| = |«(n)| < 1 thenM is apart of an elliptic hyperquadric HP{v,+1).
is a part of a de Sitter hyperhorosphere HP(v,+1).
Proof. By the assumption, we have ^4p(n) = /ipidtpm-This means that 7rJ o nUi(u) = KpXUi(u). Since n is parallel, we have nUi(u) = KpXUi(u).
So that nUiUj(u) = KUJIPXUI(U) + KPXUIUJ(U) and nUjUi(u) = KUUPXUJ(U) +
KPXUjUi(u). It follows that XUIUJ = XUJUI and n"j?ij = NUJU%, then we have kU] pXUt(u) = KUjiPXu.(u). Since Xj(u) and Xj(u) are linearly independent, KUi,p = K uj,p = 0. This means that kp and Rp are constant k and R.
We now assume that R + 1 = k ^ 0. By the assumption, we have nUi(u) = -kXUI(U), so that there exists a constant vector v such that X(u) = v -(l/fi)n(u). Then the vector v satisfies (v, v) = 1 -1/k 2 and (X(u) -v, X(u) -v) = -1/k 2 , so that (X(u), v) = 1 for any u G U. This means that M is a part of a hyperquadric in de Sitter space HP(v,+1). Therefore we have (1), (2) and (4).
On the other hand, if/t + l = K = 0 then there exists a constant timelike vector v such that n(u) = v for any u G U. So that (X(u),v) = (X(u), n(u)> = 0 for any u G U. This means that M C HP{x, 0) Therefore (3) holds. This completes the proof.
• We now consider the following Weingarten type formula. Since {X,^}"^ spans a spacelike vector subspace, we induce a Riemannian metric (the horospherical first fundamental form) by ds 2 = gijduiduj on M = X(U), where gij = (XUi, XUj). We respectively define the second fundamental invariant and horospherical second fundamental invariant with respect to the timelike unit normal vector field n by hij(n) = -{nUi, XUj) and hij(n) = -(XUi + nUi, XUj). We have the relation
. ,n -r).
Under the above notations, we have the following Weingarten type formula with respect to the timelike unit normal vector field n, which is anal-
where (hj(n))y = (hlk(n))tk(g k J)kj and (g kj ) = (,gkj)~l. Therefore, the Gauss-Kronecker curvature with respect to n is given by
Since (X + n, XUj) = 0, the coefficients of the second fundamental invariant with respect to the timelike parallel unit normal vector field n are expressed by
Therefore the horospherical second fundamental invariant at a point po = X(uo) depends only on the timelike vector no = n(uo). It is independent of the choice of timelike parallel unit normal vector field n with no = n(uo).
Let no be a timelike unit normal vector. We say that a point po = X(uo)
is an no -parabolic point (resp. no-umbilic point) of M if JiT/l(n)(uo) = 0 (SPo(n) = Kp0(n)idypoAi) for some timelike parallel unit normal vector field n with n(uo) = no-We also say that po is an no-horospherical point if it is an no-parabolic point and an no-umbilic point.
Horospherical hypersurfaces and horospherical height functions
In this section we introduce the notions of horospherical height function and horospherical hypersurface.
Let X : U -> S 1 " be a spacelike submanifolds of codimension r > 2 in de Sitter space and p = X(u). We choose unit orthonormal sections 
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We remark that for any spacelike submanifold X and point (uo, /J-O) £ U x H r~1 (-1) , there are a real number 6^0 and an open neighborhood V of (uo, po) such that is spacelike embedding on V. We assume that for any  (u,p) G V then (u, -p) G V. We write CM as an image Xg(F) and call it a spacelike canal hypersurface of M = X(C7). Izumiya, Pei, Romero Fuster and Takahashi [6] introduced the notion of canal surfaces of submanifolds in the hyperbolic space.
We now consider the horospherical height function on a spacelike submanifold. For a spacelike submanifolds X of codimension r, we define the family of functions by H(u,v) = (X(u),v) -1, and we call H a horospherical height function on M. For vo G LC* we denote hVo(u) -(X(u),vo) -1. We have the following proposition which is analogous to ([6] , Proposition 3.4). 
. ,n -r if and only if v = X(u) + e(u, fi) for some p, G H r~l {-1).
The proof of the above proposition is similar to that of Proposition 3.4 in [6], so it is omitted. The discriminant set of the horospherical height function H is which we call a horospherical hypersurface of M. We remark that HSx depends on the choice of the orthonormal frames of N(M).
Let {X, no,..., nR_I} and {X, iIQ, ..., be two orthonormal frames of N(M) with n0, n'0 G Then we have n, = Xjn'p where
Then we have a diffeomorphism $ : U x H r 1 (-1) -> U x H r~1 (-l) defined by
H : U x LC* R DH = {X(u) + e(u,ji) | (u,p) eU x IT-^-l)}.
We define a map HSX : U x H r~l {-1) -> LC* by
HSx( u, p) = X(u) + e(u, p),
We also define e'(u,/i) = ^i n i( u )-^ follows from the above that e(u, p) -e' o $(u, p). Therefore we have
HS-x_(u, p) = HSx o $(u, p),
where HS^ = X(u) + e'(u, p). This means that HSx is independent to the choice of orthonormal frames of N(M) up to the diffeomorphic parametrization. We have a following proposition which is analogous to ([6] , Proposition 3.5).
PROPOSITION 4.2. LetX. :U -> be a spacelike hypersurface of codimension r >2 in de Sitter space, then HS^_(u,p) = X(u) +e(u, p) is constant map for some smooth map p : U -> H T~l {-1) if and only if M is a part of de Sitter hyperhorosphere HP(v, 1) fl S™. By Proposition 3.1, if M is totally e(u, p(u))-umbilic for some parallel normal vector field e(u,/2(u))
and Kh(e(u,/¿(u) ))(u) = 0, then the above assertion holds.
Proof. Suppose that vo = X(u) + e(u, p) is a constant vector. Since e(u, p)
is pseudo orthogonal to X(u), then we have (X(u), vo) = +1 for any u G U. This means that M is a part of a de Sitter hyperhorosphere HP(\o, 1) H5". On the other hand, if M C HP(vo, 1) D 5" for some lightlike vector, then (vo -X(u),X(u)) = 0 for any u € U. Since X(u) is pseudo orthogonal to XUj(u), it follows that (vo -X(u),XUi(u)) = 0. This means that X(u) -vo is a normal vector of M at p = X(u). We define a function p(u) by
J-L
p{u) = -(X(u) -v0, n0(u))n0(u) + ]T(X(u) -v0, ni(u))nj(u).
i=1 Then we have Vo -X(u) = e(u,p). This completes the proof.
• Since the image of HSx is the discriminant set of the horospherical height function H on M, the singular set of HSx. corresponds to the null set of the Hessian matrix of the horospherical height function with the fixed parameter v at each point. Therefore we have the following proposition which is analogous to ([6] , Proposition 3.6). 
Proof. Let /iv(u) be a horospherical height function with v € LC*, then we have Hess/iv(u) = {X UiUj (u),v).
Suppose that (u, v) £ £*(#), then v = X(u) + e(u,p) for some p € fi r "' 1 (-l). We recall that hij(v)(u) = (XUiUj(u),X(u) + e(u,p)), where (^¿_,(v)(u)) is the horospherical second fundamental invariant with respect to the timelike direction e(u, p). The horospherical Gauss-Kronecker curvature is K h (e(u,p) 
)(u) = det((XUiUi(u),X(u) + e(u)))/det(ffy(u))
= detHess h v (u) / det(gy(u)), where (gij(u) ) is the first fundamental invariant of M. Therefore Hess h v (u) = 0 if and only if Kh(e(u, p) )(u) = 0. This completes the proof.
•
The singular set of HSx corresponds to the parabolic set of M with respect to some timelike parallel normal vector field e(u, p). By the proof of above proposition, we have rank Hess/iVo( u o) = rank(/i{J(vo)(uo))ij. Therefore we also have the following proposition which is analogous to ([6] , Proposition 3.7). 
H((u,p),\) = {Xo(u,p),v) -1.
We denote /iv(u) = H((u,p,),v) for any v € LC*. Now we define a map e : V H n~\ -l) by e(u,p) =_ sinh^X(u) + cosh^e(u,/x). Then we have (e (u, p,) By the above lemma, the horospherical hypersurface HSx is locally diffeomorphic to the lightcone Gauss image of the spacelike canal hypersurface Xfl.
Horospherical hypersurfaces as wave fronts
In this section we naturally interpret the horospherical hypersurfaces of M as a wave front set of the horospherical height functions in the theory of Legendrian singularities.
By proceeding arguments in §2, the horospherical hypersurface HSx is the discriminant set of the horospherical height function H, and the singular point set of the horospherical hypersurface is the horospherical point set. We have the following proposition which is analogous to ([6] , Proposition 4.1). We now prove a map
is non singular at any (u, v) 6 The Jacobian matrix of A*H is
Xn,u i
We denote an (n -r + 1) x n matrix B by JA*H = (* | B). It is sufficient to show that rank.6 = n -r + 1 at (u,v) € £*(/f). We also denote an (n -r + 3) x (n + 1) matrix C by
We now show that the rank of the matrix C is equal to n-r+3. Since v, X(u) and X Ui (u) are linearly independent for all (u, v) 6 S*(H), it is sufficient to show that timelike unit vector e = (1,0,..., 0) can not be written by a linear combination of v, X(u) and X u< (u). If that is not so, there exists some real numbers such that e = rjv + ¿xX(u) + w and w = X^i" (u). Then we have (e,e) = fi' 2 + (w, w). However, it; is a spacelike vector, so that (e, e) would not be negative, which contradicts our assumption. This means that e,v,X(u) and X u< (u) are linearly independent, therefore we have rankC = n -r + 3.
We now show rank B = rank C' -2. We subtract the second row multiplied by Xq/vq from the third row of the matrix C, and add the second row multiplied by Xo, Ufc (u)/vo from the (3 + fc)-th row for k = 1,..., n -r. Then we have a matrix
Therefore we have rankB = rankC" -2 = n -r + 1. This completes the proof.
• 
Contact with de Sitter hyperhorospheres
In this section we use the theory of contacts between the spacelike submanifolds and the de Sitter hyperhorospheres, following Montaldi [10] .
Let Xi and Yi (i = 1,2) be submanifolds of R n with dim X\ -dim X2, dim Y\ = dim>2 and yt E X{ n Yi for i = 1,2. We say that the contact of X\ and Yi at y\ is the same type as the contact of X2 and Y2 at U2 if there is a diffeomorphism germ $ : (R n It follows that the de Sitter hyperhorosphere (^(O) = HP (vo,+l) fl 5f is tangent to M at po = X(uo). In this case we call HP(vo, +1) flS™ a tangent de Sitter hyperhorosphere (briefly, tangent hyperhorosphere) with respect to X(uo) + e (uo, p-o) . We may also consider the contacts of the spacelike canal surface CM = X(V) and the de Sitter hyperhorospheres. (see [7] )
We now review some notions of Legendrian singularity theory to study the contact between hypersurfaces and de Sitter hyperhorospheres. We say that Legendrian immersion germs i{ : (Ui, Uj) -> (PT*R n ,pi) (i = 1,2) are Legendrian equivalent if there are a contact diffeomorphism germ H : (PT*R n ,pi) (PT*R n ,p 2 ) and a diffeomorphic germ r : (t/i.ui) -» (U2,U2)
such that H preserves fibers of IT and H o ¿1 = L2 0 T. A Legendrian immersion germ at a point is said to be Legendrian stable if for every map with the given germ there are a neighborhood in the space of Legendrian immersions (in the Whitney C°°-topology) and a neighborhood of the original point such that each Legendrian map belonging to the first neighborhood has in the second neighborhood a point at which its germ is Legendrian equivalent to the original germ, (see [1] Let Fi : (M n x K fc , (a t) bi)) (R, c) (k = 1,2) be fc-parameter unfoldings of function germs /¿. We say that and F 2 are "P-ZC-equivalent if there exists a diffeomorphism germ $ : (R n x R k , (ai, bi)) (R n x R fc ,(a2,62)) of the form $(u, x) = (</>i(u, x), fafe)) for (u, x) G R n x R k and a function germ A : (R n x R k , (a 1 ,b 1 ) ) -» R such that A(ai,&i) 0 and Fi(u,x) = A(u,x)-(F2o$)(U,X). [/x{vj}; hiyt = Hi |t/x{v<} and p'{ = ~X.itgi(ui,p,i Q(Xg1, (ui, Ai)) and Q (X#2, (xi2, p.2) ) are isomorphic as R-algebras.
In this case fXr^iiP^i, 1) n m) and (X. 2~l {HP{w 2 ,1) n Sf),u 2 j are diffeomorphic as set germs.
Proof. Since CH 1 and CH 2 are Legendrian stable, regular sets of HSx x and HS-X.2 are respectively dense, by applying Proposition 6.2, the conditions (1) and (2) are equivalent. By Theorem 6.3, the conditions (2) and (3) are equivalent. By the arguments in Theorem 6.1, the conditions (4) and (5) are equivalent. If we assume the condition (3), then the P-ZC-equivalence of Hi (i = 1,2) preserves the /C-equivalence of /i liVi , so that the condition (4) holds. Since the local rings <2(X t , u 4 ) are /C-invariant, this means that the condition (6) holds. By Proposition 6.4, the condition (6) implies the condition (2). Therefore the statements from (1) to (6) are equivalent.
By Theorem 5.2, (2) and (8) are equivalent. Since Cjji are Legendrian stable, Cfj. are also Legendrian stable. So that we may similarly show the equivalence of the conditions from (7) to (12). On the other hand, (0) = (Xi~1(HP(vi, 1) n Sf), Uj) and /C-equivalence preserves the zero level sets, so that (Xi _1 (i/P(vj, 1) fl S 1 "), Uj) (i = 1,2) are diffeomorphic as set germs. This completes the proof.
• We consider generic properties of spacelike submanifolds of codimension r > 2 in S™. Let U be an open subset of R n_r . We consider the space of spacelike embeddings Sp-Emb(f7,5") with Whitney C°°-topology. We define a function H :
x LC* -> R by H(x, v) = (x, v), and denote f)v(z) = H(x, v). Then f) v is a submersion for any v e LC*. For spacelike submanifolds X G Sp-Emb([7,5"), we have H = H o (X x idLC)-We also have the ¿-jet extension j[H : U x -» J e (U, R) defined by j[H(x,v) = j^f) v (u). We consider the trivialization J e (U,M) = U x R x J e (n -r, 1). For any submanifold Q C J e (n -r, 1), we denote Q = U x {0} x Q. Then we have the following proposition as a corollary of Lemma 6 of Wassermann [11] . We remark that if the corresponding horospherical height function h VQ is ¿-/C-determined, then H is a /C-versal 
